
SYMMETRY ANALYSIS AND GEOMETRIC MODELLINGStephen Parry-Barwick (*)Adrian Bowyer (*)(*) School of Mechanical Engineering, University of Bath, Bath, BA2 7AY, UKABSTRACTThis paper discusses a new method of detecting symmetry in two- and three-dimensional objects. A multi-dimensional approach is used to interrogate a set-theoretic representation of an object. A method for detecting planes of true sym-metry is described, as well as more advanced methods for partial symmetry, ro-tational symmetry and partial rotational symmetry. The examples given in thepaper are two-dimensional but the methods for three-dimensional evaluation arediscussed.1. INTRODUCTIONFinding symmetry in engineering components and other objects is of great im-portance for a wide range of applications. This paper takes an engineering pointof view of symmetry, but many of the bene�ts of the method it proposes carryacross to other disciplines. Iwanowski[1] says that the evaluation of symmetry isan NP-hard problem, and that e�cient algorithms exist, but are limited in theiruse. This has not discouraged a great deal of subsequent research being carriedout in the �eld.Symmetry analysis can be applied to a wide range of object descriptions. Forexample, Kuehnle[2] applied a symmetry-based recognition scheme to locate thebacks of road vehicles in images. Marola[3][4] and, more recently, Pei[5] have alsoconcentrated on the symmetry in images. Others, such as Atallah[6] and Davis[7],have used evaluation techniques for images composed of line segments, circles andpoints. However, by far the largest area of research is in evaluating the symmetryin point sets. Highnam[8], Wolter[9] and, more recently, Lin[10] have developed anumber of techniques which have shown good results for simple objects. All of themethods mentioned above deal with either true symmetry or rotational symmetryabout an object's centroid; and some allow limited partial symmetry analysis ofsimple objects.2. TYPES OF SYMMETRYThere are a number of possible symmetries that can be de�ned (Figure 1):� True symmetry, where the object is divided in two through its centroid, eachside being the mirror image of the other.



� Partial symmetry, where the object is not truly symmetrical, but planes existnear its centroid that are very close to producing mirror images.� Rotational symmetry, where portions of the object can be seen to repeat atangular intervals (for instance a gearwheel).� Partial rotational symmetry, where portions of the object can be seen ap-proximately to repeat at angular intervals.
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SymmetryFigure 1: Types of Symmetry.3. SYMMETRY HIERARCHYSymmetry can be seen as a hierarchical description of an object. An object mayhave a number of primary symmetries: planes that split the object in half throughits centroid, and may also have secondary symmetries: planes that split the objectin half but require analysis of the resultant portions (Figure 2). Finding hierachi-cal symmetry requires a model of the object to be recursively analysed until anon-symmetric portion is reached. By storing the various symmetry planes foundon the way, along with the �nal non-symmetric portion, the total amount of in-formation required to represent the object can be greatly reduced. In the case ofperfect symmetry the original model can be reinstated from this information asand when required.4. SYMMETRY DETECTIONThe symmetry-detection process that we propose is based on the premise that fora symmetry to take place a second image of the model must �t on to the originalmodel. We measure the exactness of such a \�t" is the length of perimeter of thecombined model and second image at the �t position. If the perimeter length ofthe combined model is equal to that of the original model then a perfect matchhas been located. If the perimeter length is less than the original model thena best-�t percentage can be calculated. The object description that we use is aset-theoretic solid model. This type of description can easily represent one-, two-



Figure 2: Symmetry Hierarchy.or three-dimensional objects.5. MULTIDIMENSIONSWoodwark's multi-dimensional approach[11] has been programmed to manipulateset-theoretic models. The multi-dimensional description of the model (which wecall a hypermodel), allows it to exist in all possible positions and rotations inan object space1. To make this clear, consider the case of a one dimensional set-theoretic model, which can be represented by an interval on a line ([3,4] on Figure3 ). If we wish to �t a template to this model, the template needs to be able totranslate across the object space (here the object space is the real line from 0 to6). The resultant hypermodel in this simple case is two-dimensional: one originaldimension, and one hyperdimension, representing how far the template has beentranslated. The translation appears as a diagonal sweep in a second dimension(Y ). The Y coordinate measures the displacement of the template. The modelwhich does not move is represented by a vertical sweep in the second dimension.Now consider the intersection of the model and pattern (the dark-grey region).For a match to take place, two corners of the intersection area must exist at thesame height in the second dimension, as shown by the line Y m. The positions ofthese corners are located by using a recursive binary division of the hypermodel.The method is an enhancement of an existing technique for feature recognitionalso developed by the authors. A more detailed description of this is given in theauthors' ealier paper[11].For the case of true symmetry of a two-dimensional model one hyperdimensionis required: that of rotational angle about the model's centroid in the X � Yplane. For partial symmetry detection the partial symmetry planes may not passthrough the model's centroid, so two further hyperdimensions are required. Thesetwo extra hyperdimensions are translation along the x axis and translation alongthe y axis. This allows the pattern to \
oat" across the object space, which thealgorithm searches for a �t position.1generally a hyperbox completely enclosing the hypermodel.
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Figure 3: Hyperdimensions.True symmetry and partial symmetry require a template that is a mirror image ofthe original component. For convience the component is mirrored about its cen-troid using the X axis as the mirror plane. For both of the rotational symmetries,the template is an exact copy of the component; there is no need for any type oftransformation.All of the object solid models used for this paper are two-dimensional for easeof display, but the process does extend to allow symmetry detection for three-dimensional objects and we are in the process of invsetigating this.6. RESULTSA number of two-dimensional components were modelled to test the system. Someof the models were strictly symmetrical, and some had partial symmetry planes.The analysis initially calculated the surface area, perimeter length and centroidof the component. It was then translated so that its centroid coincided with theorigin of the object space. For true symmetry detection the mirror image of thecomponent was swept through the rotational hyperdimension to encompass rota-tions between 0 and �. Figure 4 shows the results of a test on a component1 thatis truly symmetrical. The original component is shown along with its hierarchicaldecomposition.To detect partial symmetry the method had to utilise the translational as wellas the rotational hyperdimensions. Again the component was translated to placeits centroid at the origin, but the mirror image was allowed to 
oat across the1Part of a tape-cassette transport mechanism



Figure 4: True Symmetry.whole object space as well as rotating between 0 and 2�. The method displaysthe original unsymmetrical model along with the two symmetrical models thatcould be constructed by mirroring the two halves of the model through the partialsymmetry plane (Figure 5). The detection of partial symmetries allows designersto reconsider the structure of the complete model. A decision can then be madeas to which of the three models is the best for its required function. For example.A designer may decide to make an object with partial symmetry completely sym-metrical, as that may make it easier to manufacture. Alternatively, the designermay wish to exaggerate slight asymmetries, so as to make the object easier toorient uniquely.Detecting rotational symmetry di�ers from the method described above as it en-tails a straight copy of the component to be used for the template, rather than amirror image. Figure 6 shows the results obtained for rotational symmetry, andFigure 7 shows the results of the partial rotational techniques.7. CONCLUSIONSThe methods developed can detect both the hierarchical symmetry and partialsymmetry of two-dimensional set-theoretic models. The components to be eval-uated can be constructed with a few simple straight edges or from many highlycomplicated polynomials; the only disadvantage of the latter is increased compu-tation time. The accuracy of the evaluation can be easily modi�ed by altering thesize of the smallest division boxes in the recursive binary division of the hyper-model. Reducing the division box size has the e�ect of increasing the accuracy,but reduces the speed of computation.8. FURTHER WORKAt present the methods for partial symmetry detection are time-consuming, dueto the object division being carried out in �ve dimensions. As it is known thatthe partial symmetry planes will pass through or near the component's centroid,



Figure 5: Partial Symmetry.the search space of the higher dimensions can be reduced to investigate only thearea in the immediate vicinity of the centroid rather than the whole object space.A working system for symmetry detection in three-dimensional components iscurrently being constructed; this will entail two more rotations and one moretranslation, and hence a nine-dimensional hypermodel.9. ACKNOWLEDGEMENTSThe authors' would like to thank the UK Science and Engineering Research Coun-cil for the provision of a research studentship to support this work.They would also like to thank the IMechE, The Royal Acadamy of Engineeringand Bath University for their assistance in the funding of the travel expenses toenable this paper to be delivered.Finally, they would like to thank John Woodwark, whose multi-dimensional set-theoretic model method they have applied to symmetry detection; and DebasishDutta for discussions at the start of their investigations into symmetry.
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Figure 7: Partial Rotational Symmetry.[11] Parry-Barwick S. and Bowyer A.,\Woodwark's Method for Feature Recogni-tion", Bath University Technical Report 099/1992. Submitted to Computer-Aided Design 1993.


